We study the relation between perturbative knot invariants and the free energies defined by topological string theory on the character variety of the knot. Such a correspondence between SL(2; C) Chern-Simons gauge theory and the topological open string theory was proposed earlier on the basis of the volume conjecture and AJ conjecture. In this paper we discuss this correspondence beyond the subleading order in the perturbative expansion on both sides. In the computation of the perturbative invariants for the hyperbolic 3-manifold, we adopt the state integral model for the hyperbolic knots, and the factorized AJ conjecture for the torus knots. On the other hand, we iteratively compute the free energies on the character variety using the Eynard-Orantin topological recursion relation. We check the correspondence for the figure eight knot complement and the once punctured torus bundle over S 1 with the holonomy L 2 R up to the fourth order. For the torus knots, we find trivial the recursion relations on both sides.
Introduction
Three-dimensional Chern-Simons gauge theory is one of the most widely studied topological quantum field theories. It has found many applications in physics and mathematics. In the celebrated paper by Witten [1] a relation between the Chern-Simons gauge theory and knot invariants was discovered, and it was shown that the expectation value of the Wilson loop operator along the knot on 3-sphere S 3 and the colored Jones polynomial are equivalent.
Another remarkable aspect of the Chern-Simons gauge theory is its relation with theories of three-dimensional quantum gravity [2] . When gravity in three dimensions is reformulated in the first order formalism, it also yields a Chern-Simons gauge theory. In particular, in this approach SL(2; C) Chern-Simons gauge theory becomes equivalent to the Euclidean signature quantum gravity with a negative cosmological constant. In the classical limit this corresponds to the study of the hyperbolic structures. Connecting these two aspects of the Chern-Simons gauge theory, led to the volume conjecture as originally proposed by Kashaev [3] .
The volume conjecture concerns the asymptotic behavior of the colored Jones polynomial [4] . Let J n (K; q) be the n-colored Jones polynomial for a hyperbolic knot K. The claim of the volume conjecture is [3, 4] :
where Vol(S 3 \K) is the hyperbolic volume of the knot complement. The volume conjecture has been extended to the complexified version [4] , and further generalized to knot complements with the deformed hyperbolic structure [5] . The volume conjecture beyond the leading order was discussed firstly in [6] . The subleading term in the asymptotic expansion of the colored Jones polynomial coincides with the Reidemeister torsion [7] . In previous work [8] , two of the authors proposed a correspondence between SL(2; C) Chern-Simons gauge theory and the topological open string theory. This correspondence was suggested by a similar set-up in the two problems. Let us briefly review this argument.
If M is the three-manifold obtained by removing a tubular neighbourhood of the knot K, then any quantum field theory on M will produce a quantum state Z(M) in the Hilbert space associated to the boundary ∂M of M. In the case of a knot complement, the boundary has the topology ∂M ∼ = T 2 . Semi-classically, the state Z(M) is described by a Lagrangian sub-manifold in the phase space associated to the boundary. For SL(2; C) Chern-Simons gauge theory the classical phase space can be identified with the space of gauge equivalence classes of the flat SL(2; C) connections on T 2 . The Lagrangian corresponding to M is the character variety C of the knot K, defined as the set of connections on T 2 that extend as flat connections over M [9] . The character variety is an algebraic curve in (a quotient of) C * × C * equipped with its canonical symplectic structure. We can pick a local coordinate u on the curve C, which can be identified with the free monodromy around the meridian of the knot. The full CS partition function or knot invariant now corresponds to the full quantum wave function Z(M; u). This set-up of an algebraic curve C ⊂ C * × C * appears also in the topological string theory. In this case we considered the toric Calabi-Yau 3-fold X which can be regarded as a fibration over the character variety of the knot. In this case the Riemann surface is usually called the spectral curve. If we add a topological D-brane in this CY variety, the open string partition function will also be a wave function Z(X; u). So, in both the ChernSimons gauge theory and the topological string theory we quantize the character variety.
The conjecture that we study further in this paper is that, with a suitable identification, these quantizations are equivalent, i.e., we have Z(M; u) = Z(X; u).
This correspondence is summarized in more detail in the following table. The various notations that we use here, will become clear in the subsequent. AJ conjecture Quantum Riemann Surface A K (m,l; q)J n (K; q) = 0Ĥ(e −u−gs/2 , e gs∂u ; q)Z open (u; q) = 0 ml = q 1/2lm e −u−gs/2 e gs∂u = q 1/2 e gs∂u e
−u−gs/2
This correspondence is checked explicitly for two examples, the figure eight knot complement and the once punctured torus bundle over S 2 with the holonomy L 2 R, which is isomorphic to the SnapPea census manifold m009 [10] , which is the complement of a knot in a three-manifold of different topology than the three-sphere [11, 12, 13] . Up to subleading order, one can find coincidence for these examples.
On the other hand, in [14, 15] it is conjectured that the free energies of the topological (A-type) open string theory on toric Calabi-Yau 3-folds with toric branes are iteratively obtained by the Eynard-Orantin topological recursion relation [16] . The recursion relation is applicable for any complex plane curve, and in the topological string theory, via the mirror symmetry, the open string moduli are described by the mirror curve which is a complex plane curve in C * × C * . These recursions can be derived as the Schwinger-Dyson equations in two dimensional Kodaira-Spencer theory, the theory of a chiral boson on the mirror curve [17] . The techniques of the computation are developed in [18, 19, 20] . In this paper, we discuss our correspondence to the higher orders beyond the subleading order in the topological expansion of the free energies of the topological open string theory.
To this end we define the BKMP's free energies according to remodeling the B-model [14, 15] , and compute them for the character variety of the hyperbolic manifold up to the fifth order in the recursions, in the case of the above two examples.
On the Chern-Simons gauge theory side, the higher order perturbative invariants are computed in [21, 22] . For the figure eight knot complement we can compute the perturbative invariant from the colored Jones polynomial. But for the once punctured torus bundle the complete form of the colored Jones polynomial is not known. To analyze such manifolds, we adopt the state integral model which is constructed in [23, 24, 25, 21] . The partition function of the state integral model for a simplicially decomposed hyperbolic 3-manifold gives topological invariants like the Ponzano-Regge [26] and the Turaev-Viro models [27] . In this paper, we compute the perturbative invariants from the state integral model, and compare them with the free energy on the character variety.
As a result of these computations, we find some discrepancies between the perturbative invariants and the BKMP's free energy of the topological string in the higher order. These discrepancies may come from the choice of the integration path in the computation of the free energy in the B-model or O(g s ) modification of the Calabi-Yau geometry [28, 29, 30] . To remedy this point, we consider some regularization for the constant G which appears in the Bergman kernel, because the constant G changes under the monodromy transformation of the genus one character variety. Although the regularization would be ad-hoc, we find the regularization rules for G n terms in the recursions up to the fourth order. After the regularization, we recover the perturbative invariants of the state integral model for the above two examples non-trivially. For the case of torus knots, the colored Jones polynomial is well-studied. We can extract the perturbative invariants adopting the q-difference equation which is called the AJ conjecture [31, 32, 33, 34, 35] . Compared to the state integral model, there exist two branches which correspond to abelian and non-abelian representations of the P SL(2; C) holonomy along the meridian for the colored Jones polynomial. In this paper we will compare the perturbative invariants for the non-abelian branch and the BKMP's free energy on the character variety. In this class of knots we find that the perturbative invariants and BKMP's free energies are trivial as the u-dependent functions, and we can check our correspondence to all orders in the perturbative expansion.
The organization of this paper is as follows. In section 2, after a short summary of the state integral model, we show the explicit computation for the figure eight knot complement and the once punctured torus bundle over S 1 with the holonomy L 2 R. The computation of the figure eight knot complement was already given in [21] , and the second example is novel. In section 3, we turn to the computation of the BKMP's free energies on the character variety. In this section, we firstly derive the general solution of the topological recursion relations for the two branched plane curve with genus one up to the fourth order. And then we apply the formula to the character varieties for the figure eight knot complement and the once punctured torus bundle over S 1 with the holonomy L 2 R. The correspondence for the torus knots is discussed in section 4. In appendix A, we discuss the AJ conjecture. We explicitly see the factorization of the q-difference equation for the figure eight knot, and summarize the computation of the perturbative invariants for some torus knots in the abelian branch. In appendix B, we summarize the details of the derivations of the general formula for the fourth order terms W (0,4) and W (1, 2) . In appendix C, we show the computation on the annulus free energy F 1 (p). In appendix D, the computational result of the fifth order free energy F 4 (p) is summarized.
Asymptotic expansion for the state integral model
The volume conjecture describes the asymptotic behavior of the colored Jones polynomial.
To evaluate the saddle point value perturbatively, the information of the cyclotomic expansion of the colored Jones polynomial is necessary because we use a q-difference equation in the analysis. In general it is not an easy task to obtain such an expansion. In particular for the once punctured torus bundle over S 1 , the original colored Jones polynomial can not be found, although the simplicial decomposition is realized explicitly. The partition function of the state integral model [23, 24, 25] on the hyperbolic 3-manifold gives the topological invariant. The asymptotic expansion of the partition function is computable only from the information of the simplicial decomposition via ideal tetrahedra. For the figure eight knot, the asymptotic expansions of the partition function of the state integral model and the colored Jones polynomial are computed thoroughly in [21] , and both of them give the same expansions. In this section, we evaluate the asymptotic expansion of the state integral model based on the method which is developed in [21] .
State integral model
Here we briefly summarize about the state integral model. For a hyperbolic knot complement, the simplicial decomposition with the ideal tetrahedra can be performed [36] . There are two kinds of ideal tetrahedra with an orientation ε = ±1. For each face of the tetrahedron, a vector space V or its dual V * is assigned corresponding to the orientation. The vector space V is the Hilbert space of the Heisenberg algebra with continuum eigenvalue for the momentum operator:
Thus a tensor product of the vector spaces V ⊗ V ⊗ V * ⊗ V * is assigned for an ideal tetrahedron.
As a weight of the state integral model, one can choose the matrix element of the operator S ∈ Hom C (V ⊗ V, V ⊗ V ). To acquire topological invariance for the partition function, the operator should satisfy the pentagon relation on V 1 ⊗ V 2 ⊗ V 3 :
where S i,j acts on V i ⊗ V j . In state integral model [23, 25] , the operator S which satisfy the above pentagon relation on the infinite dimensional momentum space |p is defined on V 1 ⊗ V 2 as:
where Φ (p) is the quantum dilogarithm function. For i ∈ R and |Im p| < π, the function Φ (p) is given by the Faddeev's integral formula [37] :
Because this Faddeev integral fulfills the pentagon relation:
the pentagon relation (2.3) for S operators is implied. The S-matrix elements for the ideal tetrahedra of ε = ±1 as in Fig.1 are obtained as follows:
The partition function for the state integral model on a 3-manifold M with the complete hyperbolic structure is defined by
where p is a set of (p
k and δ C (p) imply the gluing condition for the faces and the complete gluing condition for the triangles on the boundary ∂M ≃ T 2 respectively. The asymptotic behavior of this invariant is studied for various knot complements [23, 25] . The partition function for the 3-manifold with the deformed complete structure is also considered [21] . The deformation of the completeness condition changes one of the delta functions in δ C (p) with δ( p i = 2u). In this delta function, the sum is taken for the momenta which appear in the shape parameters z i = e
2i−1 of the ideal tetrahedra along the meridian of the boundary torus [24] . As a result of this deformation, one finds a holonomy representation along the meridian µ:
Under this deformation, the partition function yields
where g i (p, 2u) is a linear function of p, and f (p, 2u, ) is a quadratic polynomial. Although the contour of the integrations of the partition function is not defined explicitly, the WKB expansion around the saddle point is computable [21] . In the limit → 0, the partition function (2.11) is approximated by Z (M; , u) ∼ dp e 1 V (p,u) , → 0, (2.12)
The saddle point conditions
for all j specify the saddle point p. There may exist several saddle points for a hyperbolic 3-manifold M, and the value of the partition function may differ for each branch. In the following, we discuss only the geometric branch. For the general saddle point values, the face angles of the ideal tetrahedra which is determined by a shape parameters may become non-geometric [36, 38] . In the geometric branch, all of the ideal tetrahedra in the simplicial decomposition are geometric and completely glued. 4 The saddle point value of
This property is the same as the volume conjecture [3, 4] , and it is expected that the perturbative invariants for the state integral model will coincide with those of colored Jones polynomial.
In [25] it is proposed that the potential function V (p 0 , u) is identified with the NeumannZagier potential [39] . The Neumann-Zagier potential satisfies a relation: 15) where l := e v is an eigenvalue of the holonomy representation ρ(ν) along the longitude ν of the boundary ∂M. This condition imposes a non-trivial constraint on (l, m) ∈ C * × C * .
By the saddle point equation (2.14) one can eliminate p and find an algebraic equation 5 :
The polynomial A K (l, m) coincides with the A-polynomial which is reciprocal
. Then the saddle point value of the potential V (p, u) will satisfy the
The higher order terms in the expansion around the saddle point is evaluated by the following expansion of the quantum dilogarithm function: 17) where the Bernoulli polynomial
n (x) = nB n−1 (x). Plugging this expansion into (2.11), one can expand the partition function Z (M; , u) around the saddle point p 0 as:
4 There also exists the conjugate branch which satisfies v (geom) = −v (conj) . In particular for the fully ampherical knot S (geom) n+1
n+1 is also satisfied. 5 In this algebraic equation, a factor l − 1 is not included. This indicates the absence of the abelian branch in the state integral model [21] .
In the following, we will compute the higher order terms in the saddle point approximation for the figure eight knot complement [21] and the once puncture torus bundle over S 1 with the holonomy L 2 R.
Perturbative expansion for figure eight knot complement
As the first example we summarize the computation for the figure eight knot complement [25, 21] . 6 The figure eight knot complement can be decomposed into two ideal tetrahedra with the different orientations [36] . The partition function for the state integral model yields
The shape parameters z 1 = e p 4 −p 2 and z 2 = e p 1 −p 3 satisfies the meridian condition z 1 z
, and the delta function δ C (p; u) has the support on
Evaluating some of the integrals in (2.19) one obtains
Since the figure eight knot is fully amphichiral, the term iπ + in the argument of the quantum dilogarithm can be removed by shifting p → p − u − iπ − . This shift of the variable changes the integration path C. Although such shift gives rise to the corrections of order e −const/ to Z , the higher order terms S n (n = 1, . . .) are not affected.
Under the shift of the variable p → p − u − iπ − , the partition function of the state integral model simplifies
C dp e Υ( ,p,u) , (2.22) where one can compute the expansion of the function Υ( , p, u) adopting (2.17) as:
In the following, we will evaluate Z(S 3 \4 1 ; , u) on the geometric branch. In this branch, the saddle point value of p 0 is
The perturbative invariants S n (u) are computed systematically by evaluating the Gaussian integrals,
C dp e
In the geometric branch, the first two terms yield
The result S 1 (u) is consistent with the Reidemeister torsion of S 3 \4 1 [7, 6] . The Apolynomial is computed from the equations (2.14) and (2.15) with S 0 (u) = V (u),
The higher order terms are computed in the same way:
32)
Applying this expansion, one finds the perturbative invariants in the geometric branch yields 
R
The next example is the once punctured torus bundle over S 1 . This class of manifolds is studied in the Jorgensen's theory on the space of quasifuchsian (once) punctured torus groups from the view point of their Ford fundamental domains [40, 41] . In particular, the complete hyperbolic structure of this class of manifolds is studied well, and the ideal triangulation is found explicitly [42] . Let T ϕ be a once punctured torus bundle over S 1 [40] :
where T ϕ admits a hyperbolic structure, if the monodromy matrix ϕ has two distinct eigenvalues [43, 44] . Such a monodromy matrix is specified by a sequence of 2p positive integers (a 1 , b 1 , a 2 , b 2 , . . . a p , b p ) and two basis matrices L and R as:
For the simplest choice ϕ = LR, the manifold T LR is isomorphic to the figure eight knot complement.
The next simplest choice is ϕ = L 2 R. The manifold T L 2 R appears in the table of the SnapPea census manifolds as m009 [10, 12, 13] . m009 is also described as an arithmetic knot complement in RP 3 [11] . 7 T L 2 R can be decomposed into three ideal tetrahedra. The 7 In [45] it is shown that the figure eight knot is the unique arithmetic knot in S 3 .
partition function of the state integral model is [25] 
(2.40) The shape parameters for each tetrahedra are z 1 = e p 3 −p 5 , z 2 = e p 5 −p 4 and z 3 = e p 1 −p 2 , and the meridian condition is given by
Integrating out the extra parameters, one obtains the partition function for T L 2 R with an incomplete structure:
In this case the term iπ + in the argument of the quantum dilogarithm functions cannot be removed by the shift of the parameters as the figure eight knot case. Expanding the integrand as above one obtains
where (x, y) = (e p 1 , e p 2 ). At the critical point (e p 10 , e p 20 ) = (x(u), y(u)), the coefficients Υ 1,0,−1 and Υ 0,1,−1 vanishes. The solution for Υ 1,0,−1 = 0 and Υ 0,1,−1 = 0 which corresponds to the geometric branch is
C dp 1 dp 2 e
From the equations (2.14) and (2.15) the A-polynomial [46] :
is found from the above potential V (u).
In the geometric branch, the coefficients b αβ of the quadratic term yield
The constant term Υ 0,0,0 is 53) and this result coincides with the Reidemeister torsion [7, 8] . The higher order terms are obtained iteratively by expanding (2.48) and adopting a formula for the Gaussian integral
After some computations, one obtains the perturbative invariant S 2 (u):
where
Plugging the explicit form of Υ i,j,k in the geometric branch, one finds 56) where in this case S 2 (u = πi) has real and imaginary part. The further higher order terms S 3 (u), S 4 (u), and S 5 (u) are also computed in the same manner. Plugging the explicit form of Υ i,j,k (x, y, m) for the geometric branch into this expansion, one finds
57) for any complex plane curve by means of a set of topological recursion relations. In the context of matrix models, the complex plane curve is the spectral curve, and the symplectic invariant F (g,0) is the free energy for genus g [47, 48] . In this section using the recursion relations, we define free energies F (g,h) (for genus g with h boundaries in "world sheet language") on the character variety:
defined as the zero locus of the A-polynomial A K (l, m) reviewed in section 2, where we redefined the parameters as
The topological recursion relations iteratively determine the free energies F (g,h) (order by order in the Euler number χ = 2 − 2g − h in world sheet language). We compute the free energies up to χ = −2 for the two concrete examples described in section 2.2 and 2.3, and compare the computation of the perturbative CS expansion for them (see appendix D for the computation of the free energy with χ = −3).
Eynard-Orantin topological recursion relation
In this subsection we summarize the Eynard-Orantin topological recursion relation, and its computation. Assuming that the branching number at each ramification point q i , i = 1, . . . , n on the character variety C is one, and then on neighborhood of q i , one finds two distinct points q,q ∈ C such that x(q) = x(q) on the projected coordinate. The multilinear meromorphic differentials W (g,h) (p 1 , . . . , p h ) on C are defined by the EynardOrantin topological recursion relation:
The Bergman kernel B(p, q), which should be a planar two-point function of a chiral boson on C as [17] , is defined by the conditions:
• Holomorpic except p = q.
where A i are the A-cycles in a canonical basis (A i , B i ) of one-cycles on C, and dE q,q (p)
is the third type differential which is a one-form on p and a multivalued function on q defined by the conditions:
(3.4) The topological recursion relation (3.2) is diagrammatically described as in Fig.2 .
In the following we consider the case that the character variety C is a genus g (distinguished from the genus g of the world sheet) curve with two sheets. From the one-form ω(p) = log l(p)dx(p)/x(p), one defines y(p)dp = (ω(p) − ω(p))/2 as proposed in [14, 15] :
, (3.5) where
is a rational function in p, and M(p) is called the moment function in the context of matrix models [47, 48] . In this case in [49] it is found that the third type differential dE q,q (p) has the form:
6) where we introduced the (normalized) basis of the holomorphic differentials L i (p)dp/ σ(p) on C by Figure 3 : Diagrammatic representation of (3.11), (3.12), (3.13), and (3.14)
Note that when q approaches a branch point q i , (3.6) cannot be used, i.e. if a contour A i contains the point q, instead one must replace C j (q) with C j (q) + δ j,i / σ(q). Using the relation B(p, q) = dq ∂ ∂q dp 8) between the Bergman kernel B(p, q) and the third type differential dE q,q (p), one finds that the Bergman kernel has the form:
where H(p, q) is a symmetric polynomial in p and q [49] . Let us compute the multilinear meromorphic differentials W (g,h) (p 1 , . . . , p h ) up to the Euler number χ = −2 using the topological recursion relation (3.2):
12)
where these differentials are represented in Fig.3 . One can expand these differentials by the kernel differentials [15] ,
where in the second equality (3.6) is utilized. Using the relation (3.8), one can expand 16) where
, and the odd terms in s are ignored because these terms are irrelevant in the computation of the topological recursion (3.2). Therefore from (3.11) one obtains [15] ,
When q =p the Bergman kernel (3.9) yields
18) where H(p) := H(p, p), and then this can be expanded around a branch point p = q i as:
Using this expansion, from (3.12) one finds [15] :
To compute (3.13) and (3.14) let us write the kernel differentials in terms of the polynomials F (p, q) and H(p, q) by comparing the expansion (3.16) with the expansion of (3.9) around s 2 = q − q i = 0,
where σ(q; q i ) := σ(q)/(q − q i ), and we have removed the term dpdq/2(p − q) 2 in the expansion which is irrelevant in the computation of the topological recursion (3.2). Some of the kernel differentials are
i (p) = dp
In the following for simplicity we only discuss the cases of g = 1. In this case the Bergman kernel is concretely given by the Akemann's formula [48, 18] :
where K(k), (resp. E(k)) is the complete elliptic integral of the first, (resp. second) kind with the modulus
, and S k = 1≤j 1 <j 2 <...<j k ≤4 q j 1 q j 2 · · · q j k , k = 1, . . . , 4 are the elementary symmetric polynomials of the branch points q i . By comparing (3.9) with (3.25), we see that V (p, q) in the kernel differentials is given by
After some computation, (3.13) and (3.14) are expanded by the kernel differentials (see appendix B for the detailed derivation), and we summarize the results as follows:
i (p 1 ), (3.31)
In the following, we define free energies on character variety, and compute them using the above results for two concrete examples described in section 2.2 and 2.3 where the character varieties are reduced to genus one curve with two sheets on the geometric branch.
Free energy on character variety
Let us concentrate on the genus one case in (3.5):
In the following by taking the reciprocality of the A-polynomial into consideration, we assume that
The free energy F (g,h) (p 1 , . . . , p h ) is defined by [14, 15] : 
where ξ i (i = 1, . . . , n) denotes the location of the D-branes in the toric Calabi-Yau 3-fold X. Z R (X) is the topological vertex amplitude on X where the representation R is assigned to the external leg that the D-brane is inserted. The functional F (V ) is expanded as follows:
After identifying
the functional F (V ) is related to the free energy F (g,h) :
As an assumption of our proposal, we introduce the D-branes whose locations are specified formally by
This choice of V is nothing but the P SL(2; C) holonomy representation matrix ρ(µ) along the meridian cycle µ, and this free energy respects the reciprocality of the character variety as was considered in [8] . 
where w = (p + p −1 )/2, α = (q + q −1 )/2. We have defined
2 )/2 and α 2 = (q 3 + q i (p), we define averaged multilinear meromorphic differentials W (g,h) (p 1 , . . . , p h ) for (g, h) = (0, 1), (0, 2), and define free energies F (g,h) (p) (according to remodeling the B-model [14, 15] ) for the two toric branes on the character variety C as:
46)
= log l(p) dp p + log l(p −1 ) dp
47)
where the factor h! in (3.45) is the symmetric factor. In (3.48) the factor 2 comes from
2 ), and the term dw 1 dw 2 /(w 1 − w 2 ) 2 needs for the regularization (exclusion of the double pole) of the Bergman kernel at p 1 = p 2 . By introducing a coupling constant g s , we define
on the character variety C, where to express "chiral part" of the free energy we insist the necessity of the factor 1/2. 8 We also introduced a new coupling constant˜ = g s /2 for a consistency with the coupling constant in the Chern-Simons gauge theory. Note that in the definition (3.46) , there are ambiguities of the integration constants. In this paper we claim that, by taking the universal part which does not depend on the choice of the integration constants, we obtain
Here S (geom) n (u) is the perturbative invariant on the geometric branch discussed in section 2. In this claim we neglect the constant term in S (geom) n (u) which does not depend on u.
In the left hand side of the above claim, regularizations of G(k) n in (3.27), as explained in the following, are needed.
In the rest of this section, to check this claim we compute
for the two examples of section 2.2 and 2.3, and find that the different regularizations for G(k) in the Bergman Kernel (3.25), and its square G(k) 2 are needed as:
for the examples, where k is the modulus of the elliptic integrals K(k) and E(k) defined in (3.28) . The constant G is determined uniquely by imposing zero A-period condition. But we have to impose some ad-hoc regularizations to G n terms in the free energy. This regularization may be compensating the some subtleties of the correspondence in the higher order terms of expansion. The subtleties may come from the choice of the integration contour for the BKMP's free energy or O( /2) shift of the moduli of the A-polynomial. 9 Although we do not know the general rule for this regularizations, we heuristically find the rules which are applicable to some lower order terms in the WKB expansion. In appendix D we compute the free energy F 4 (p), and for the figure eight knot complement we find that different regularizations for G(k) in F (1,3) (p) and in F (2,1) (p) are needed as in (D.10). 8 The meaning of "chiral part" may come from SL(2; C) Chern-Simons gauge theory. The partition function of SL(2; C) Chern-Simons gauge theory is holomorphically factorized as Z SL(2;C) (M ; t,t) = Z(M ; t)Z(M ;t) where t,t are coupling constants. The factor 1/2 would be interpreted as the holomorphic factorization. 9 The similar problem occurs in the inner toric brane computation to realize the 2D/4D instanton partition function of the four dimensional N = 2 gauge theory in the AGT context [30] .
The leading term in the correspondence (3.51) is understood as follows. By the reciprocality of the A-polynomial, the character variety has the property l(p)l(p −1 ) = 1.
Therefore we obtain 56) and this is nothing but S (geom) 0 (u), where p = m 2 , except a constant shift [39, 50] . The subleading term F 1 (p) = F (0,2) (p)/2 is discussed in [8] (see also appendix C). In the rest of this section we check the above claim for two concrete examples in section 2.
Figure eight knot complement
As the first example, from the A-polynomial (2.30) of the figure eight knot, we obtain the data of the curve:
where w = (p + p −1 )/2, and σ(w) = σ(p)/p 2 .
The free energy F 2 (p) defined in (3.52) is computed from (3.30) and (3.31):
(3.60)
Thus from (3.45) and (3.52) we obtain .67) and using the regularization (3.54) and (3.55), by replacing G with G 1 = 7/3 and G 2 with
This also coincides with the perturbative invariant (2.35).
3.4 Once punctured torus bundle over S 1 with holonomy L
2

R
As the second example, from the A-polynomial (2.49) of the once punctured torus bundle over S 1 with holonomy L 2 R, we obtain the data of the curve:
where σ(w) = σ(p)/p 2 .
As same as the computation in section 3.3, the free energies F (0,3) (p) and F (1,1) (p) are obtained as:
71)
and using the regularization (3.54), by replacing G with G 1 = 11/3 we find
This coincides with the perturbative invariant (2.56) by identifying the parameter w = (m
The free energies F (0,4) (p) and F (1,2) (p) are also computed. Using the regularization (3.54) and (3.55), by replacing G with G 1 = 11/3 and G 2 with G 2 = −167/9 we find
For the free energy F 3 (p) we should consider an imaginary term corresponding to the Chern-Simons term of the partition function for the state integral model as in (2.56) . Such the contribution, if we add a constant term 1/128:
then this coincides with the perturbative invariant (2.57).
Torus knots
In this section, we will further discuss the correspondence for torus knots. The perturbative invariants S k (u) and the BKMP's free energies F k are computed exactly for this case. Although the results are rather trivial on both sides, we are able to check the correspondence exactly for this example.
Colored Jones polynomial for torus knots
A torus knot is described as a curve on a two-torus T 2 , and a pair of coprime integers (p, q) specifies the number of windings around each cycle of T 2 . For the (p, q) torus knot the colored Jones polynomial is found explicitly [51] . Although a torus knot does not admit a hyperbolic structure on the S 3 complement, the asymptotic behavior of the the colored Jones polynomials is studied in the context of the Melvin-Morton-Rozansky conjecture [52, 51, 53, 54, 55] and the volume conjecture [56, 57, 58] . In the analysis of the volume conjecture, the volume of the torus knot complement vanishes but the Chern-Simons invariant [59] is realized as the asymptotic limit of the colored Jones polynomial around the exponential growth point. Furthermore, the q-difference equation for the (p, q) torus knots have been found explicitly [31, 32, 33, 34, 35] . Adopting the technique of [21] , we will perform the WKB expansion iteratively from the q-difference equation.
AJ conjecture for torus knots
The q-difference equations for (2, 2m + 1) torus knots T 2,2m+1 are found from the inhomogeneous difference equation [35] :
As was firstly calculated in [31, 32] , one can obtain the homogeneous q-difference equation from the inhomogeneous one by adopting Mathematica packages 'qZeil.m' and 'qMultiSum.m' developed by Paule and Riese [60] .
For the trefoil knot 3 1 the q-difference equation for the colored Jones polynomial is [34] :
3)
(4.5)
In → 0 limit, the polynomial P 3 1 yields
The numerator of P 3 1 (L, M) is the A-polynomial for the trefoil knot. The expectation value of the Wilson loop operator W n (K; q) is different from the colored Jones polynomial J n (K; q) by the unknot factor J n (unknot; q). By factoring out q j/2 Q − q −j/2 in the coefficient of E j , one obtains the q-difference equation for W n (K; q).
The Wilson loop expectation value W n (K; q) is identified with Z(S 3 \K; , u) for q = e 2 and m = q n/2 , if K is the hyperbolic knot.
We rewrite the q-difference equation for W n (3 1 ; q) following the notation of [21] as Q =m 2 :
.
Furthermore q-difference operator P 3 1 is factorized:
There are two branches for the solution of this difference equation. One branch corresponds to the solution l = −m 6 for P 3 1 (l, m 2 ) = 0 in q → 1 limit, and we call this the non-abelian branch. Another branch corresponds to a solution l = 1, and we call this the abelian branch. In the following, we will discuss the non-abelian branch for the trefoil knot. The results of abelian branch and the other torus knots are summarized in appendix A. The perturbative invariants S (α) n (u) for the branch α are defined as follows:
In the non-abelian branch α = nab, the leading term yields [59, 61] 
The perturbative invariant for this branch satisfies the q-difference equation:
From this q-difference equation, we obtain the perturbative invariants in the non-abelian branch:
(u) = 6 log m, (4.13)
Since the non-abelian branch corresponds to the geometric branch for the hyperbolic knots, we are able to compare our result with the BKMP's free energy computed from the Eynard-Orantin topological recursion.
Free energies on the character variety for the (p, q) torus knot
The character variety C (p,q) corresponding to the non-abelian branch of the (p, q) torus knot is given by
By making use of the topological recursion relation (3.2), let us compute the free energies F (g,h) (x 1 , . . . , x h ) defined in (3.46) on the character variety C (p,q) . In this appendix, for simplicity at first we do not introduce the averaged meromorphic differentials W (g,h) (x 1 , . . . , x h ), instead we use W (g,h) (x 1 , . . . , x h ): 18) and after the computation we take the average. Here we treat y(p) = y(p) as the projected coordinate on C (p,q) . Since (4.15) has no ramification point, we introduce a free parameter µ as 10 : 19) and from ∂ x A(x, y) = 0, we find that the deformed curve C (p,q) has one ramification point:
On the curve C (p,q) , the Bergman kernel B(x 1 , x 2 ) and the third type differential dE p,p (x 1 ) are given by
To solve the recursion (3.2) we have to consider the expansion of W (g,h) (x 1 , . . . , x h ) around the ramification point (4.20) , and for the purpose we introduce a parameter p = ζ near the ramification point as [15, 62] :
where C k are iteratively determined by the equation:
From this equation we obtain the algebraic equation for C k :
Here we rescale the parameters x and ζ as x := µx and ζ := µζ respectively, and then from the equation (4.25) we find The annulus amplitude F (0,2) (x 1 , x 2 ) yields
27)
If we consider the averaged Bergman kernel as in (3.48) , then the averaged annulus amplitude has the form F (0,2) (x) = log
x n −x −n . Next we compute the higher free energies by the recursions. Using 29) and (4.25), we find 31) and thus
. Using (3.12) and (4.30), we can also compute F (1,1) (x 1 ) as:
We see that the free energy F (1,1) (x 1 ) is also constant on C (p,q) . In the same way, the free energies
are computed by (3.13) and (3.14), and we find
. One can easily find that
. . , x h ) are expressed by the rescaled variables x i , and therefore we see that
. . , x h ) are also constant on C (p,q) after taking the average. This matches the result that the asymptotic expansion of the Wilson loop expectation value W n (K; q) along the (p, q) torus knot is trivial on the non-abelian branch. 11 The constants of the higher order terms S (nab) n (n ≥ 2) may also come from the end points of the integration of the BKMP's free energies, although we do not know the correct prescription to determine them rigorously at present. In this computation, we found the triviality of the u-dependence of the perturbative invariants and BKMP's free energy for the torus knot.
Conclusions and Discussions
In this paper, we have discussed the correspondence between the perturbative invariants of SL(2; C) Chern-Simons gauge theory and the free energies of the topological string definedà la BKMP on the character variety for the figure eight knot complement, the once punctured torus bundle over S 1 with the holonomy L 2 R, and the (p, q) torus knots. On the three dimensional geometry side, we computed the perturbative expansion of the partition function of the state integral model around the saddle point which corresponds to the 11 For annulus free energy F (0,2) (x), we find the non-trivial contribution − log(x n−1 + x n−2 + · · · + x −n+2 + x −n+1 ) even after taking µ → 0 limit. In the WKB expansion of W n (T p,q ; q), the perturbative invariant S 1 (u) vanishes in the non-abelian branch. Here we consider this discrepancy would come from the normalization factor of the partition function.
geometric branch for the figure eight knot complement, the once punctured torus bundle over S 1 with the holonomy L 2 R. For the torus knots, we adopted the factorized q-difference equation for the colored Jones polynomial. On the character variety side, we computed the free energies on the basis of the Eynard-Orantin topological recursion. We found the coincidence to the fourth order on both sides under some particular regularization of G n in the Bergman kernel.
The most ambiguous point in our discussion is the regularization of the constants G n for each n independently, although we found a nice presentation for the regularization. Without this regularization, we cannot establish an exact coincidence. But in the free energy computations, there exists an ambiguity of the choice of the integration path. In this paper we have picked-up the end points of the integrations and neglected the contribution from the reference points (u * , v * ). In the context of the volume conjecture, the analytic continuation is discussed in detail in the recent work [61] . The Stokes phenomenon is also applicable to determine the higher order terms in the WKB expansion, so further study along these lines may fix the ambiguity completely.
In [29] , the relation between the Chern-Simons gauge theory on 3-manifold M and the two dimensional N = (2, 2) theory on R is discussed via five dimensional N = 2 supersymmetric gauge theory. The analogous relation is discussed in the AGT correspondence which connects four dimensional N = 2 SU(2) supersymmetric gauge theory and two dimensional Liouville field theory [64] . In the context of the AGT correspondence, the surface operator in the four dimensional N = 2 gauge theory can be realized by the non-compact toric brane in the geometric engineering [28, 29, 30] . There may exist some relations between the chiral boson theory [17] on the character variety and the two dimensional N = (2, 2) [65] . 
A Perturbative invariants from AJ conjecture
In this appendix, we will summarize some computations on AJ conjecture.
A.1 Factorization of AJ conjecture
The AJ conjecture is the q-difference equation for the colored Jones polynomial. The factorization of the q-difference equation will occur for any knots [66] . In the following, we will see such factorization explicitly for the figure eight knot.
For the figure eight knot, the q-difference equation yields [33, 34] :
where J n (K; q) is the colored Jones polynomial. The q-Weyl operators (m,l) satisfieŝ
The Jones polynomial is normalized as J(unknot; q) = 1. Taking into account for the normalizations of the colored Jones polynomial and the SL(2, C) Chern-Simons partition function, one finds the q-difference equation for the SL(2, C) Chern-Simons partition function Z (M, u; q) as follows [21] :
) .
In q → 1 limit,Â q (l,m) yields the A-polynomial. But the abelian part (l − 1) is included. We can show that this abelian part is factorizable even for the q-difference operator as:
From this factorization, we expect that the AJ conjecture will imply the quantum Riemann surface structure in topological string theory [67, 68] .
A.2 Abelian branch
We will discuss the perturbative invariants near the abelian branch from AJ conjecture. For the figure eight knot, the abelian branch is studied [21] . In particular for the torus knots, the abelian branch contains rich structure rather than the non-abelian branch. One of the outstanding properties of this branch will be the Melvin-Morton-Rozansky conjecture [52, 51, 53, 54] . Here we discuss the expansion of W n (K; q) near the abelian branch point. The leading term of the perturbative invariant (4.9) for the trefoil knot 3 1 in this branch yields
Adopting this initial condition into the q-difference equation, one finds a non-trivial expansion:
The partition function in this branch has the polynomial growth, since S (abel) 0 (u) = 0. The volume conjecture for the torus knots in this branch is studied in [56, 57, 58] . The perturbative solution above is consistent with [58, 55] . In particular, the subleading term S
where ∆(T p,q ; m) is Alexander polynomial. In the case of trefoil knot, the Alexander polynomial is ∆(K; m) = m 2 + m −2 − 1, and this result is consistent with (A.9).
A.3 The other examples of torus knots
From (4.1), one can also find the perturbative invariants for the torus knots in each branch. Here we will show some computational results for (2, 5) and (2, 7) torus knots.
• (2,5) torus knot The q-difference equation for the cinquefoil knot is
The q-difference operatorÂ
is factorized for m = 2 as follows:
In the abelian branch, one obtains the perturbative invariants for (2,5) torus knot as follows: The factorization of (A.16) indicates the triviality of the higher order terms.
• (2,7) torus knot For the (2, 7) torus knot, the q-difference equation is 2 j=0 a j (q n/2 ; q)W n+j (T (2,7) ; q) = 0, (A B Derivation of (3.32) and (3.33)
Here we consider the case that the character variety is genus one curve with two sheets written as (3.34), and describe the derivation of (3.32) and (3.33) in detail. This result coincides with the computation (2.29) and (2.52) after the identification of the parameter w = (m 2 + m −2 )/2 as discovered in [8] . 
